We study eigenfunctions of a complete, noncompact Riemannian manifold and investigate how they blow up at infinity. Our estimate is also related to the size of the manifold at infinity when the Ricci curvature is nonnegative. 
Introduction
Let M be a m-dimensional complete noncompact Riemannian manifold, and denote the Laplacian of M by Á M , where Á M ¼ Àdiv grad. In [1] and [2] , Borbély studies positive eigenfunctions on M under the condition that the Ricci curvature of M is bounded below by Àðm À 1Þk 2 , (k ! 0), and shows among other things that a positive eigenfunction u of nonpositive eigenvalue À, that is, a positive solution u of equation: Á M u ¼ Àu satisfies
where k ¼ . The aim of this paper is to investigate how eigenfunctions of negative eigenvalues blow up at infinity. To state our main results, we fix a point o of M and denote by B r ðoÞ the metric ball of radius r around o. 
In the case where the Ricci curvature of M is nonnegative, we can see a certain relation between the growth of positive eigenfunctions on M and the size of M at infinity. In fact, we prove the following Theorem 2. Let M be a complete noncompact Riemannian manifold of dimension m with nonnegative Ricci curvature. Suppose that the diameter of the metric sphere @B r ðoÞ of radius r around a fixed point o 2 M is bounded above by ar for some positive constant a and any large r. Let u be a positive eigenfunction of M with negative eigenvalue À. Then lim inf r!1 log min @B r ðoÞ u r ! ð1 À aÞ ffiffiffi ffi p :
In particular, every positive eigenfunction of negative eigenvalue exponentially blows up at infinity if a < 1.
The outline of the paper is as follows. Section 1 is devoted giving some preliminary results. In Section 2, we will find Theorem 1 still holds true for eigensections of certain Hermitian vector bundles over M (see Theorem 7) . Theorem 2 will be proved at the end of Section 2. In Appendix, we review the Sturm-Liouville comparison theorem.
Preliminaries
Let f ðrÞ be a monotone increasing smooth function defined on ½0; þ1Þ with f ð0Þ ¼ 0 and f 0 ð0Þ ¼ 1. Given an integer m ! 2 and a number > 0, consider the ordinary differential equation:
Ã Current Address: 13-A17-#405, Umegaoka 1-chome, Neyagawa-shi, Osaka 572-0803, Japan We denote by ; f the unique solution of (2) with (3). Then it is easy to see that ; f is positive and increasing in ½0; þ1Þ by the change of variables. In addition, we have
Proof. By integrating (2 0 ) from R to r, we have
Since E f ; f ðRÞ > 0 and ; f ðRÞ ; f ðsÞ for s ! R, we get Integrating this, we obtain log ; f ðrÞ ; f ðRÞ
from which the second assertion (ii) follows. Ã Given a monotone increasing smooth function f on ½0; þ1Þ satisfying f ð0Þ ¼ 0 and f 0 ð0Þ ¼ 1, we denote by M f the warped product R !0 Â f S mÀ1 with a Riemannian metric dr 2 þ f 2 ðrÞd 2 , where d 2 is the standard metric of the Euclidean unit sphere S mÀ1 . Let r be the distance in M f to the pole o. Then for a positive number , the function ; f ðrÞ is an eigenfunction of M f with negative eigenvalue À, that is, Á M f ; f ðrÞ ¼ À ; f ðrÞ, such that ; f ðrÞ ¼ 1 at o. We recall here that the radial curvature (relative to the pole o) is given by À f 00 ðrÞ= f ðrÞ. Given a nonnegative constant k, let f k ðrÞ ¼ r for k ¼ 0 and f k ðrÞ ¼ k À1 sinh kr for k > 0. Then the warped product M f k of the warping function f k is nothing but the simply connected space form 
where k ¼ 
By the maximal principle, there is no point attaining the maximum of the function ÉðrÞ. So, comparing with (1), there exists a divergent sequence fr n g satisfying lim n!1 Éðr n Þ ¼ sup r!0 ÉðrÞ. Thus for any > 0 the following inequality holds: Proof. Since ; f ðrÞ is monotone increasing, we can deduce from the Laplacian comparison theorem (see [7] , Proposition 2.15) that
In fact this holds everywhere on M as a distribution (cf. [4] , [5] ).
Let u be as above and set w ¼ juj À juðoÞj ; f ðrÞ. Then we have Á M w Àw as a distribution on M. Hence the strong maximal principle for a weak sub-solution (see for example [6] and its final remark) allows us to conclude that max x2@B r ðoÞ w ¼ sup x2B r ðoÞ w ! wðoÞ ¼ 0. This shows that 
A generalization of Theorem 1 and Proof of Theorem 2
In this section, we first prove Theorem 1 in a more general situation and add some observations. Theorem 2 will be verified at the end of the section.
Let us condsider a Hermitian vector bundle E of rank r over M endowed with a metric connection r. We denote by ÀðEÞ the set of smooth sections of E over M and by hÁ; Ái the fiberwise Hermitian inner product. And we write Theorem 7. Let M be a complete noncompact Riemannian manifold of dimension m and E a Hermitian vector bundle with a metric connection r and a symmetric endomorphism R of E. Suppose that the Ricci curvature of M is bounded below by Àðm À 1Þk 2 for some constant k ! 0, and R satisfies hRs; si ! Kjsj 2 for some constant K and any s 2 ÀðEÞ. Let s be a nontrivial eigensection of E with eigenvalue À, that is,
where o is a fixed point of M.
Proof. Let r be the distance to a fixed point o of M and set w ¼ jsj À jsðoÞj þK; f k ðrÞ, where we may assume that sðoÞ 6 ¼ 0. Then in view of Lemma 6, we see that Á M w Àð þ KÞw as a distribution on M, and hence the assertion follows from Lemmas 4 and 5. Ã Remark. We consider the case where E is the trivial bundle M Â C over M. Let A be a real-valued 1-form on M and V a real-valued function on M. Define a magnetic Laplacian by 
Therefore it follows from the classical comparison theorem on Riccati equation that 
for some 0 < r < r. Combining (5) and (6), we get the inequality (4) mentioned above. Ã Proof of Theorem 2. For any r > 0, take points x; y 2 @B r ðpÞ satisfying uðxÞ ¼ max @B r ðpÞ u and uðyÞ ¼ min @B r ðpÞ u. Then by Borbély's estimate (1) and integrating the gradient of log u along a minimizing path joining x to y, we get uðxÞ e ffiffi ffi 
